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CRITICAL BEHAVIOR FOR A SEMILINEAR PARABOLIC EQUATION WITH
FORCING TERM DEPENDING OF TIME AND SPACE
MOHAMED JLELI, TATSUKI KAWAKAMI, BESSEM SAMET
Abstract. We investigate the large-time behavior of the sign-changing solution of the inhomoge-
neous semilinear heat equation ∂tu = ∆u + |u|
p + tσw(x) in (0, T ) × RN , where N ≥ 2, p > 1,
σ > −1, σ 6= 0 and w 6≡ 0. The novelty of this paper lies in considering a forcing term (tσw(x))
which depends both of time and space. We show that there is an exponent p∗(σ) which is critical in
the following sense: the solution of the above problem blows up in finite time when 1 < p < p∗(σ)
and
∫
RN
w(x) dx > 0, while global solution exists for suitably small initial data and w belonging to
certain Lebesgue spaces when p ≥ p∗(σ). Our obtained results show that the forcing term induces
an interesting phenomenon of discontinuity of the critical exponent p∗(σ). Namely, we found that
lim
σ→0−
p
∗(σ) 6= lim
σ→0+
p
∗(σ). Furthermore, lim
σ→0−
p
∗(σ) coincides with the critical exponent of the
above problem with σ = 0.
1. Introduction
In this paper we investigate the global existence and blow-up of sign-changing solutions of the
following inhomogeneous parabolic equation{
∂tu = ∆u+ |u|
p + tσw(x) in (0, T )× RN ,
u(0, x) = u0(x) in R
N ,
(1.1)
where N ≥ 2, p > 1, σ > −1, σ 6= 0 and w 6≡ 0. Namely, we identify the critical exponent for
problem (1.1), which separates the nonexistence/existence of global-in-time solutions of (1.1), and
show the discontinuity of this critical exponent at σ = 0.
In the case w ≡ 0 with a nonnegative initial data, problem (1.1) reduces to{
∂tu = ∆u+ u
p in (0, T )× RN ,
u(0, x) = u0(x) ≥ 0 in R
N .
(1.2)
Fujita [6] established the following results for problem (1.2):
(I) If 1 < p < 1 + 2/N , then (1.2) admits no nontrivial global-in-time solutions.
(II) If p > 1 + 2/N , then (1.2) possesses global-in-time solutions for some small u0.
Later, it was shown that the borderline case p = 1+2/N belongs to the blow-up category (see e.g.
[1, 8, 10, 13, 14]). From above results, the number
pF := 1 +
2
N
(1.3)
is called the critical Fujita exponent, which separates the nonexistence/existence of global-in-time
solutions of (1.2). In [14], Weissler also proved that, for the case p > pF , if ‖u0‖Ld is sufficiently
small with
d =
N(p − 1)
2
> 1,
then (1.2) has global positive solutions.
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In the case σ = 0, problem (1.1) reduces to{
∂tu = ∆u+ |u|
p + w(x) in (0, T ) ×RN ,
u(0, x) = u0(x) in R
N .
(1.4)
Problem (1.4) was investigated by Bandle et al. [2]. Namely, it was shown that
(I) If 1 < p < p∗ and
∫
RN
w(x) dx > 0, where
p∗ =
{
∞ if N = 1, 2,
N
N−2 if N ≥ 3,
(1.5)
then (1.4) has no global solutions.
(II) If N ≥ 3 and p > p∗, then for any δ > 0, there exists ǫ > 0 such that (1.4) has global
solutions provided that
max{|w(x)|, |u0(x)|} ≤
ǫ
(1 + |x|N+δ)
regardless of whether or not
∫
RN
w(x) dx > 0.
(III) If N ≥ 3, p = p∗,
∫
RN
w(x) dx > 0, w(x) = O(|x|−ǫ−N ) as |x| → ∞ for some ǫ > 0, and
either u ≥ 0 or ∫
|x|>R
w−(y)
|x− y|N−2
dy = o(|x|−N+2)
when R is large, then (1.4) has no global solutions. Here, w− = max{−w, 0}.
In [15], Zhang investigated the initial value problem{
∂tu = ∆u+ u
p + w(x) in (0,∞) ×MN ,
u(0, x) = u0(x) in M
N ,
(1.6)
where N ≥ 3, MN is a non-compact complete Riemannian manifold, ∆ is the Laplace-Beltrami
operator, u0 ≥ 0 and w ≥ 0 is a nontrivial L
1
loc function. He proved that
pM =
α
α− 2
,
where α > 2 is the decay rate of the fundamental solution of ∂tu = ∆u in M
N , is the critical Fujita
exponent for problem (1.6). (See also [12].) Moreover, it was shown that if the Ricci curvature of
MN is non-negative, then pM belongs to the blow-up case. Note that in the caseM
N = RN (N ≥ 3),
one has pM = p
∗, where p∗ is given by (1.5). On the other hand, observe that p∗ > pF , where
pF is the critical Fujita exponent of (1.2) given by (1.3). This means that the additional forcing
term w = w(x) ≥ 0, no matter how small it is, has the effect of increasing the critical exponent. A
similar phenomenon was observed recently for a nonlocal-in-time nonlinear heat equation [9].
In all the above cited works, the considered inhomogeneous term depends only of space (w =
w(x)). In this paper we investigate, for the first time, the parabolic equation (1.1) with the forcing
term tσw(x). We show that there is an exponent p∗(σ) which is critical in the following sense:
when 1 < p < p∗(σ) and
∫
RN
w(x) dx > 0, the solution of problem (1.1) blows up in finite time;
when p ≥ p∗(σ), the solution is global for suitably small u0 and w.
As usual, (1.1) is equivalent in the appropriate setting to
u(t) = et∆u0 +
∫ t
0
e(t−s)∆ (|u(s)|p + sσw) ds, 0 ≤ t ≤ T, (1.7)
where et∆ is the heat semigroup on RN . Namely, for u0 ∈ C0(R
N ) and w ∈ Cα0 (R
N ) with α ∈ (0, 1),
one can see that the solution u of the integral equation (1.7) satisfies (1.1) in the classical sense
(see Proposition 2.1.).
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Our obtained results are given by the following theorems. We discuss separately the cases
−1 < σ < 0 and σ > 0.
Theorem 1.1. Let N ≥ 2, p > 1 and σ ∈ (−1, 0). Assume w ∈ Cα0 (R
N ) ∩ L1(RN ) for some
α ∈ (0, 1). Then the following holds.
(i) Assume
1 < p <
N − 2σ
N − 2− 2σ
(1.8)
and
∫
RN
w(x) dx > 0. Then for any u0 ∈ C0(R
N ), the solution of (1.7) blows up in finite
time.
(ii) Assume
p ≥
N − 2σ
N − 2− 2σ
. (1.9)
Put
d =
N(p− 1)
2
, k =
d
p(σ + 1)− σ
. (1.10)
Then for any u0 ∈ C0(R
N ) ∩ Ld(RN ) and w with ‖u0‖Ld(RN ) + ‖w‖Lk(RN ) is sufficiently
small, the solution u of (1.7) exists globally.
Theorem 1.2. Let N ≥ 2, p > 1 and σ > 0. Assume w ∈ Cα0 (R
N ) ∩ L1(RN ) for some α ∈ (0, 1)
and
∫
RN
w(x) dx > 0. Then for any u0 ∈ C0(R
N ), the solution of (1.7) blows up in finite time.
Remark 1.3. (i) No assumption on the sign of u0 is needed in Theorems 1.1 and 1.2.
(ii) From Theorems 1.1 and 1.2, one observes that the critical exponent for (1.1) is given by
p∗(σ) :=

N − 2σ
N − 2− 2σ
if −1 < σ < 0,
∞ if σ > 0.
Observe also that when N ≥ 3, lim
σ→0−
p∗(σ) 6= lim
σ→0+
p∗(σ).
(iii) Observe that lim
σ→0−
p∗(σ) = p∗ (which is given by (1.5)) is the critical exponent for problem
(1.4) and also the critical exponent for problem (1.6) in the case MN = RN , N ≥ 3.
(iv) In the assertion (ii) of Theorem 1.1, one can relax the smallness assumptions for initial data u0
and the inhomogeneous term w(x) from the Lebesgue space Lr to the Lorentz space Lr,∞ (the weak
Lr space). In fact, applying the same argument as in the proof of the assertion (ii) of Theorem 1.1
with the weak Young inequality (see e.g. [5, (G2)]), one can get the same conclusion for the case
p > p∗(σ). Then we can consider
|u0(x)| ∼ |x|
−N
d , |w(x)| ∼ |x|−
N
k
for sufficiently large x, which do not belong to Ld(RN ) and Lk(RN ), respectively. Furthermore, for
the critical case p = p∗(σ), namely k = 1, by (4.3), one can only relax the smallness assumption for
initial data u0. Therefore it is still open that, for w which behaves like |x|
−N for sufficiently large
x, there exists a global-in-time solution of (1.7) or not.
The rest of the paper is organized as follows. In Section 2, we investigate the local existence
properties for equation (1.1). The assertion (i) of Theorem 1.1, as well as Theorem 1.2 are estab-
lished in Section 3. The next section is devoted to the proof of the global existence result given by
the assertion (ii) of Theorem 1.1.
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2. Local existence
We first introduce some notations. For any 1 ≤ r ≤ ∞, we denote by ‖ · ‖Lr the usual norm of
Lr := Lr(RN ). Let C0(R
N ) be the space of continuous functions in RN vanishing at infinity. For
α ∈ (0, 1), let Cα0 (R
N ) = Cα(RN ) ∩C0(R
N ). By the letter C, we denote generic positive constants
and they may have different values also within the same line.
Further, let us recall some well known facts about the semigroup et∆. There exists a positive
constant c1 such that for any 1 ≤ q ≤ r ≤ ∞, one has
‖et∆ϕ‖Lr ≤ c1t
−N
2
( 1
q
− 1
r
)‖ϕ‖Lq , t > 0, (2.1)
for any ϕ ∈ Lq. In particular,
‖et∆ϕ‖Lq ≤ ‖ϕ‖Lq , t > 0. (2.2)
Furthermore, for ϕ ∈ C0(R
N ), it holds that (see e.g. [7])
lim
t→0+
et∆ϕ(x) = ϕ(x), x ∈ RN .
Applying these estimates, we prove the following local existence result.
Proposition 2.1. Let N ≥ 2, p > 1, σ > −1 with σ 6= 0. Assume u0 ∈ C0(R
N ) and w ∈ Cα0 (R
N )
for some α ∈ (0, 1). Then the following holds.
(i) There exists 0 < T <∞ and a unique solution u ∈ C([0, T ], C0(R
N )) of (1.7). Furthermore,
the solution u satisfies (1.1) in the classical sense.
(ii) The solution u can be extended to a maximal interval [0, Tmax), where 0 < Tmax ≤ ∞, and
if Tmax <∞, then limt→T−max ‖u(t)‖L∞ =∞.
(iii) If, in addition, u0, w ∈ L
r, where 1 ≤ r <∞, then u ∈ C([0, Tmax), C0(R
N ))∩C([0, Tmax), L
r).
Proof. The proof of this proposition follows from standard arguments. For the completeness of this
paper, we write the details.
We first prove the assertion (i). For the uniqueness of solutions, let T > 0 and u, v ∈ C([0, T ], C0(R
N ))
be two solutions of (1.7). Since it holds that
|ap − bp| ≤ pmax{ap−1, bp−1}|a− b|, a, b ≥ 0, (2.3)
by (2.2), one has
‖u(t) − v(t)‖L∞ ≤ C
∫ t
0
‖u(s)− v(s)‖L∞ ds, 0 ≤ t ≤ T.
This together with the Gronwall inequality imply that u(t, x) = v(t, x) for all t ∈ [0, T ] and x ∈ RN .
For the existence of solutions, given 0 < T ≤ 1, we define the set
V =
{
u ∈ C([0, T ], C0(R
N )) : ‖u‖L∞((0,T ),L∞) ≤ 2δ∞(u0, w)
}
, (2.4)
where δ∞(u0, w) = max {‖u0‖L∞ , ‖w‖L∞}. We endow V with the distance generated by the norm
of C([0, T ], C0(R
N )), that is,
d(u, v) = ‖u− v‖L∞((0,T ),L∞), u, v ∈ V. (2.5)
Given u ∈ V, let
(Fu)(t) := et∆u0 +
∫ t
0
e(t−s)∆ (|u(s)|p + sσw) ds, 0 ≤ t ≤ T. (2.6)
CRITICAL BEHAVIOR FOR A SEMILINEAR PARABOLIC EQUATION... 5
Since u0, w ∈ C0(R
N ), σ > −1 and u ∈ V, one can easily verify that Fu ∈ C([0, T ], C0(R
N )). On
the other hand, by (2.2), one has
‖(Fu)(t)‖L∞ ≤ ‖e
t∆u0‖L∞ +
∫ t
0
∥∥∥e(t−s)∆|u(s)|p∥∥∥
L∞
ds+
∫ t
0
sσ
∥∥∥e(t−s)∆w∥∥∥
L∞
ds
≤ ‖u0‖L∞ + T‖u‖
p
L∞((0,T ),L∞) +
T σ+1
σ + 1
‖w‖L∞
≤
(
1 +
T σ+1
σ + 1
)
δ∞(u0, w) + 2pδ∞(u0, w)pT
for all 0 < t ≤ T . This yields
‖Fu‖L∞((0,T ),L∞) ≤
(
1 +
T σ+1
σ + 1
+ 2pδ∞(u0, w)p−1T
)
δ∞(u0, w). (2.7)
Let T > 0 be a sufficiently small constant such that
T σ+1
σ + 1
+ 2pδ∞(u0, w)p−1T ≤ 1. (2.8)
Then, by (2.7), one obtains
‖Fu‖L∞((0,T ),L∞) ≤ 2δ∞(u0, w),
which yields F (V) ⊂ V. Furthermore, for u, v ∈ V, by (2.2), (2.3) and (2.6), one has
‖(Fu)(t) − (Fv)(t)‖L∞ ≤
∫ t
0
∥∥∥e(t−s)∆ (|u(s)|p − |v(s)|p)∥∥∥
L∞
ds
≤
∫ t
0
‖|u(s)|p − |v(s)|p‖L∞ ds
≤ pδ∞(u0, w)p−1T‖u− v‖L∞((0,T ),L∞)
(2.9)
for all 0 < t ≤ T . By (2.8) and (2.9), one obtains
‖Fu− Fv‖L∞((0,T ),L∞) ≤
p
2p
‖u− v‖L∞((0,T ),L∞).
Since 2p > p, under the condition (2.8), the self-mapping F : V → V is a contraction. Moreover,
since (V, d) is a complete metric space, from the Banach contraction principle, it follows that (1.7)
admits a solution u ∈ V, which is the unique solution to (1.7) in C([0, T ], C0(R
N )). Furthermore,
since σ > −1 and under the assumption on the function w, applying similar arguments in regularity
theorems for second order parabolic equation (see e.g. [4, Chapter 1]) to (1.7), one see that the
solution u satisfies (1.1) in the classical sense, and the assertion (i) follows.
Next we prove the assertion (ii). Applying the uniqueness of solutions, we see that the solution
u, which is obtained above, can be extended to a maximal interval [0, Tmax), where
Tmax = sup
{
t > 0 : (1.7) admits a solution in C([0, t], C0(R
N ))
}
.
Suppose that Tmax <∞, and there exists M > 0 such that
‖u(t)‖L∞ ≤M, 0 ≤ t < Tmax. (2.10)
Let t∗ be such that Tmax/2 < t∗ < Tmax. For 0 < τ < Tmax, we define the set
W =
{
v ∈ C([0, τ ], C0(R
N )) : ‖v‖L∞((0,τ),L∞) ≤ 2δ∞(M,w)
}
,
where δ∞(M,w) = max {M, ‖w‖L∞}. Given v ∈ W, let
(Gv)(t) := et∆u(t∗) +
∫ t
0
e(t−s)∆|v(s)|p ds+
∫ t
0
(s+ t∗)σe(t−s)∆w ds, 0 ≤ t ≤ τ.
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Similarly to V and Fu, we endow W with the distance d, which is defined by (2.5), and we have
Gv ∈ C([0, τ ], C0(R
N )). Furthermore, by (2.2) and (2.10), we obtain
‖(Gv)(t)‖L∞ ≤ ‖e
t∆u(t∗)‖L∞ +
∫ t
0
∥∥∥e(t−s)∆|v(s)|p∥∥∥
L∞
ds
+
∫ t
0
(s + t∗)σ
∥∥∥e(t−s)∆w∥∥∥
L∞
ds
≤ ‖u(t∗)‖L∞ + τ‖v‖
p
L∞((0,τ),L∞) +
(t+ t∗)σ+1 − tσ+1∗
σ + 1
‖w‖L∞
≤ δ∞(M,w) + 2pδ∞(M,w)pτ +
(t+ t∗)σ+1 − tσ+1∗
σ + 1
δ∞(M,w)
(2.11)
for all 0 ≤ t ≤ τ . On the other hand, applying the mean value theorem, we see that, for any
0 < t ≤ τ , there exists a constant ct,t∗ ∈ (t∗, t+ t∗) such that
(t+ t∗)σ+1 − tσ+1∗
σ + 1
= cσt,t∗t ≤ c
σ
t,t∗
τ. (2.12)
Since it holds from the definition of t∗ that
Tmax
2
< t∗ < ct,t∗ < t+ t∗ < 2Tmax,
by (2.12), we have
(t+ t∗)σ+1 − tσ+1∗
σ + 1
≤ Cστ
for all 0 < t ≤ τ , where Cσ = T
σ
maxmax{2
σ, 2−σ}. This together with (2.11) implies that
‖Gv‖L∞((0,τ),L∞) ≤
(
1 + 2pδ∞(M,w)p−1τ + Cστ
)
δ∞(M,w). (2.13)
Let τ > 0 be a sufficiently small constant such that
2pδ∞(M,w)p−1τ + Cστ ≤ 1. (2.14)
Then, by (2.13), we obtain
‖Gv‖L∞((0,τ),L∞) ≤ 2δ∞(M,w),
which yields G(W) ⊂ W. Furthermore, similarly to (2.9) with (2.14), one can see that under the
condition (2.14), the self-mapping G :W →W is a contraction. Applying the Banach contraction
principle, we see that there exists a unique function v ∈ W satisfying
v(t) = et∆u(t∗) +
∫ t
0
e(t−s)∆|v(s)|p ds+
∫ t
0
(s+ t∗)σe(t−s)∆w ds, 0 ≤ t ≤ τ.
For max{Tmax/2, Tmax − τ} < t˜ < Tmax, let
u˜(t) =
{
u(t) if 0 ≤ t ≤ t˜,
v(t− t˜) if t˜ ≤ t ≤ t˜+ τ.
Then we observe that u˜ ∈ C([0, t˜ + τ ], C0(R
N )) is a solution to (1.7) and t˜ + τ > Tmax, which
contradicts the definition of Tmax. Hence, we see that if Tmax <∞, then limt→T−max ‖u(t)‖L∞ =∞,
and the assertion (ii) follows.
Finally we prove the assertion (iii). Instead of the functional space V given by (2.4), we define
the set
Vr =
{
u ∈ C([0, T ], C0(R
N )) ∩ C([0, T ], Lr) :
‖u‖L∞((0,T ),L∞) ≤ 2δ∞(u0, w), ‖u‖L∞((0,T ),Lr) ≤ 2δr(u0, w)
}
,
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where δr(u0, w) = max {‖u0‖Lr , ‖w‖Lr}. We endow Vr with the distance
dr(u, v) = ‖u− v‖L∞((0,T ),L∞) + ‖u− v‖L∞((0,T ),Lr), u, v ∈ Vr.
Since it holds that ‖|u(t)|p‖Lr ≤ ‖u(t)‖
p−1
L∞ ‖u(t)‖Lr , applying same argument as in the proof of the
assertion (i), we obtains a unique solution u in Vr, and we see that u ∈ C([0, Tmax), C0(R
N )) ∩
C([0, Tmax), L
r). Thus the assertion (iii) follows. 
3. Blow-up of solutions
In order to prove the blow-up results given by Theorems 1.1 and 1.2, we use the well-known
rescaled test function method (see [11]).
Proof of the assertion (i) of Theorem 1.1. We argue by contradiction. Suppose that Tmax = ∞,
i.e. u ∈ C([0,∞), C0(R
N )) is a global solution of (1.7). We need to introduce two cut-off functions.
Let ξ, η ∈ C∞([0,∞)) satisfy
0 ≤ ξ ≤ 1; ξ ≡ 1 in [0, 1]; ξ ≡ 0 in [2,∞) (3.1)
and
η ≥ 0, η 6≡ 0, supp(η) ⊂ (0, 1). (3.2)
For sufficiently large positive constant T , we put
ϕT (t, x) = ηT (t)µT (x), (t, x) ∈ [0, T ] × R
N ,
where
ηT (t) = η
(
t
T
) p
p−1
, µT (x) = ξ
(
|x|2
T
) 2p
p−1
. (3.3)
By (3.1) and (3.3), it can be easily seen that
|∆µT (x)| ≤
C
T
ξ
(
|x|2
T
) 2
p−1
, x ∈ RN . (3.4)
Since the solution u of (1.7) satisfies (1.1) in the classical sense, multiplying (1.1) by ϕ = ϕT , and
integrating by parts over (0, T ) × RN , we obtain∫ T
0
∫
RN
|u|pϕT dx dt+
∫ T
0
∫
RN
tσw(x)ϕT dx dt+
∫
RN
u0(x)ϕT (0, x) dx
= −
∫ T
0
∫
RN
u∆ϕT dx dt−
∫ T
0
∫
RN
u∂tϕT dx dt.
On the other hand, by (3.2), it holds that∫
RN
u0(x)ϕT (0, x) dx = ηT (0)
∫
RN
u0(x)µT (x) dx = 0.
Therefore, we deduce that∫ T
0
∫
RN
|u|pϕT dx dt+
∫ T
0
∫
RN
tσw(x)ϕT dx dt
≤
∫ T
0
∫
RN
|u||∆ϕT | dx dt +
∫ T
0
∫
RN
|u||∂tϕT | dx dt.
(3.5)
We claim that ∫ T
0
∫
RN
tσw(x)ϕT dx dt ≥ CT
σ+1
∫
RN
w(x) dx. (3.6)
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Indeed, we have∫ T
0
∫
RN
tσw(x)ϕT dx dt =
(∫ T
0
tση
(
t
T
) p
p−1
dt
)(∫
RN
w(x)ξ
(
|x|2
T
) 2p
p−1
dx
)
. (3.7)
From the conditions imposed on the function w, and by the dominated convergence theorem, we
obtain
lim
T→∞
∫
RN
w(x)ξ
(
|x|2
T
) 2p
p−1
dx =
∫
RN
w(x) dx > 0.
This implies that, for a sufficiently large T > 0, we have∫
RN
w(x)ξ
(
|x|2
T
) 2p
p−1
dx ≥
1
2
∫
RN
w(x) dx. (3.8)
On the other hand, we have∫ T
0
tση
(
t
T
) p
p−1
dt = T σ+1
∫ 1
0
sση(s)
p
p−1 ds. (3.9)
Using (3.2), (3.7), (3.8) and (3.9), (3.6) follows.
Next, applying the ε-Young inequality with ε = 12 , we obtain∫ T
0
∫
RN
|u||∆ϕT | dx dt ≤
1
2
∫ T
0
∫
RN
|u|pϕT dx dt+ CI1(T ) (3.10)
and ∫ T
0
∫
RN
|u||∂tϕT | dx dt ≤
1
2
∫ T
0
∫
RN
|u|pϕT dx dt+ CI2(T ), (3.11)
where
I1(T ) :=
∫ T
0
∫
RN
ϕ
−1
p−1
T |∆ϕT |
p
p−1 dx dt, I2(T ) :=
∫ T
0
∫
RN
ϕ
−1
p−1
T |∂tϕT |
p
p−1 dx dt.
By the definition of ϕT with (3.3) and (3.4), we obtain
I1(T ) =
(∫ T
0
ηT (t) dt
)(∫
RN
µT (x)
−1
p−1 |∆µT (x)|
p
p−1 dx
)
≤ CT
∫
RN
µT (x)
−1
p−1 |∆µT (x)|
p
p−1 dx ≤ CT 1+
N
2
− p
p−1
∫
1<|y|<√2
1 dy,
which yields
I1(T ) ≤ CT
1+N
2
− p
p−1 . (3.12)
Similarly, we have
I2(T ) =
(∫ T
0
ηT (t)
−1
p−1 |η′T (t)|
p
p−1 dt
)(∫
RN
µT (x) dx
)
. (3.13)
On the other hand, we have∫
RN
µT (x) dx = T
N
2
∫
|y|<√2
ξ(|y|2)
2p
p−1 dy = CT
N
2 (3.14)
and ∫ T
0
ηT (t)
−1
p−1 |η′T (t)|
p
p−1 dt = λ
p
p−1T
1− p
p−1
∫ 1
0
|η′(s)|
p
p−1 ds. (3.15)
Therefore, using (3.13), (3.14) and (3.15), we obtain
I2(T ) ≤ CT
1+N
2
− p
p−1 . (3.16)
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Hence, combining (3.5), (3.6), (3.10), (3.11), (3.12) and (3.16), we see that
T σ+1
∫
RN
w(x) dx ≤ I1(T ) + I2(T ) ≤ CT
1+N
2
− p
p−1 ,
which yields ∫
RN
w(x) dx ≤ CT
N
2
−σ− p
p−1 . (3.17)
Passing to the limit as T →∞ in (3.17) with (1.8), we obtain∫
RN
w(x) dx ≤ 0,
which contradicts the fact that
∫
RN
w(x) dx > 0. This completes the proof of the assertion (i) of
Theorem 1.1. 
Proof of Theorem 1.2. As previously, suppose that u ∈ C([0,∞), C0(R
N )) is a global solution of
(1.7). For sufficiently large positive constants T and R, we put
ψT,R(t, x) = ηT (t)µR(x), (t, x) ∈ [0, T ] ×R
N ,
where ηT is given by (3.3),
µR(x) = ξ
(
|x|2
R2
) 2p
p−1
, x ∈ RN
and ξ ∈ C∞([0,∞)) is a cut-off function satisfying (3.1). Replacing ϕT with ψT,R and applying
same arguments as in the proof of the assertion (i) of Theorem 1.1, we obatin∫
RN
w(x) dx ≤ C
(
T−σRN−
2p
p−1 + T−
p
p−1
−σRN
)
. (3.18)
Fixing R and passing to the limit as T →∞ in (3.18), since σ > 0, we obtain∫
RN
w(x) dx ≤ 0,
which contradicts the fact that
∫
RN
w(x) dx > 0, and the proof of Theorem 1.2 is complete. 
4. Global existence
The following lemma will be used in the proof of the global existence part of Theorem 1.1.
Lemma 4.1. Let N ≥ 2 and −1 < σ < 0. Assume (1.9). Then
2σp2 − (N + 2σ − 2)p +N < 0. (4.1)
Proof. Assume (1.9). Then
N ≥ s∗ := 2σ +
2p
p− 1
.
Consider the function
̺(s) = 2σp2 − (s + 2σ − 2)p + s, s ≥ s∗.
Since it follows from p > 1 that ̺ is a decreasing function, we obtain ̺(s) ≤ ̺(s∗) for s ≥ s∗. On
the other hand, we have ̺(s∗) = 2σ(p − 1)2 < 0. Therefore we see that ̺(s) < 0 for s ≥ s∗, and
taking s = N in this inequality, (4.1) follows. 
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Proof of the assertion (ii) of Theorem 1.1. The proof is inspired by that of [3, Theorem 1.1]. By
(1.9) and (4.1), we can take a positive constant q satisfying
2
N
max
{
1
p(p− 1)
, σ +
1
p− 1
}
<
1
q
< min
{
2
N(p− 1)
,
1
p
}
. (4.2)
Furthermore, it follows that
q > d > k ≥ 1, (4.3)
where d and k are given by (1.10). Let
β =
1
p− 1
−
N
2q
.
Then we verify easily that
β > 0, βp < 1 (4.4)
and
β −
N
2
(
1
d
−
1
q
)
= β(1− p) + 1−
N
2q
(p− 1) = β −
N
2
(
1
k
−
1
q
)
+ σ + 1 = 0. (4.5)
Let δ be a sufficiently small positive constant. We define the set
Ξ =
{
u ∈ L∞((0,∞), Lq(RN )) : sup
t>0
tβ‖u(t)‖Lq ≤ δ
}
.
We endow Ξ with the distance
d(u, v) = sup
t>0
tβ‖u(t)− v(t)‖Lq , u, v ∈ Ξ.
Then (Ξ, d) is a complete metric space. Given u ∈ Ξ, let
(Su)(t) := et∆u0 +
∫ t
0
e(t−s)∆|u(s)|p ds+
∫ t
0
sσe(t−s)∆w ds, t ≥ 0. (4.6)
Since u0 ∈ L
d, by (2.1) and (4.5) we have
‖et∆u0‖Lq ≤ c1t
−N
2
(
1
d
− 1
q
)
‖u0‖Ld = c1t
−β‖u0‖Ld , t > 0, (4.7)
where c1 is the constant given in (2.1). Furthermore, since it follows form (4.2) that q > p, by (1.9)
and (4.5), we obtain∫ t
0
∥∥∥e(t−s)∆|u(s)|p∥∥∥
Lq
ds ≤ c1
∫ t
0
(t− s)
−N
2q
(p−1)
‖|u(s)|p‖
L
q
p
ds
≤ c1δ
p
∫ t
0
s−βp(t− s)−
N
2q
(p−1)
ds
= c1δ
pt−
N
2q
(p−1)+1−βpB
(
1− βp, 1−
N
2q
(p − 1)
)
= c1Cδ
pt−β, t > 0,
(4.8)
where B denotes the beta function. We note that by (4.2) and (4.4), B
(
1− βp, 1− N2q (p− 1)
)
is
well-defined. Similarly, it holds that∫ t
0
sσ
∥∥∥e(t−s)∆w∥∥∥
Lq
ds ≤ c1‖w‖Lk
∫ t
0
sσ(t− s)
−N
2
(
1
k
− 1
q
)
ds
= c1t
−N
2
(
1
k
− 1
q
)
+1+σ
B
(
σ + 1, 1−
N
2
(
1
k
−
1
q
))
‖w‖Lk
= c1Ct
−β‖w‖Lk , t > 0.
(4.9)
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We note again that by σ > −1 and (4.2), B
(
σ + 1, 1− N2
(
1
k
− 1
q
))
is well-defined. Then, by (4.6),
(4.7), (4.8) and (4.9), we have
tβ‖(Su)(t)‖Lq ≤ C∗ (‖u0‖Ld + δ
p + ‖w‖Lk ) , t > 0,
where C∗ > 0 is a constant, independent of δ. Therefore, we can chose a sufficiently small positive
constant δ satisfying
0 < δ ≤
(
1
2C∗
) 1
p−1
,
and if the initial data u0 and the inhomogeneous term w satisfy
‖u0‖Ld + ‖w‖Lk ≤
δ
2C∗
,
we get
C∗ (‖u0‖Ld + δ
p + ‖w‖Lk ) ≤ δ.
This yields S(Ξ) ⊂ Ξ. Furthermore, assuming ‖u0‖Ld+‖w‖Lk and δ small enough if necessary, and
applying similar arguments as above, we see that the self-mapping S : Ξ → Ξ is a contraction, so
it admits a fixed point u ∈ L∞((0,∞), Lq), which solves (1.7). We claim that
u ∈ C([0,∞), C0(R
N )). (4.10)
In order to prove our claim, we first show that for T > 0 small enough, u ∈ C([0, T ], C0(R
N )). For
any T > 0 (small enough), we observe that the above argument yields uniqueness in
ΞT =
{
u ∈ L∞((0, T ), Lq) : sup
0<t<T
tβ‖u(t)‖Lq ≤ δ
}
.
Let u˜ be the local solution to (1.7) obtained by Proposition 2.1. Since it follows from (4.3) that
u0, w ∈ L
q, by Proposition 2.1 (iii) we have u˜ ∈ C([0, Tmax), C0(R
N )) ∩ C([0, Tmax), L
q). Then, by
the boundedness of ‖u˜(t)‖Lq , for a sufficiently small T > 0, we see that sup0<t<T t
β‖u˜(t)‖Lq ≤ δ.
Hence, by the uniqueness of solutions, we deduce that u = u˜ in [0, T ], so that
u ∈ C([0, T ], C0(R
N )). (4.11)
Next, applying a bootstrap argument, we show that u ∈ C([T,∞), C0(R
N )). Indeed, for t > T , it
holds that
u(t)− et∆u0 −
∫ t
0
sσe(t−s)∆w ds =
∫ T
0
e(t−s)∆|u(s)|p ds+
∫ t
T
e(t−s)∆|u(s)|p ds
:= J1(t) + J2(t).
Since u ∈ C([0, T ], C0(R
N )), we can easily show that J1 ∈ C([T,∞), C0(R
N )). Furthermore, by
the above calculations used to construct the fixed point, we have J1 ∈ C([T,∞), L
q). On the other
hand, by (4.2), we see that q > N(p − 1)/2, and we can take a constant r ∈ (q,∞] such that
N
2
(
p
q
−
1
r
)
< 1.
Since u ∈ L∞((0,∞), Lq), for T˜ > T , we know that |u|p ∈ L∞((T, T˜ ), L
q
p ), and it easily follows
that J2 ∈ C([T, T˜ ], L
r). By the arbitrariness of T˜ , it holds J2 ∈ C([T,∞), L
r). Since the terms
et∆u0,
∫ t
0 s
σe(t−s)∆w ds and J1 belong to C([T,∞), C0(RN )) ∩ C([T,∞), Lq), we deduce that u ∈
C([T,∞), Lr). Iterating this process a finite number of times, we obtain
u ∈ C([T,∞), C0(R
N )). (4.12)
Hence, (4.10) follows from (4.11) and (4.12), and the proof of the assertion (ii) of Theorem 1.1 is
complete. 
12 M. JLELI, T. KAWAKAMI, B. SAMET
Acknowledgements. The first author is supported by Researchers Supporting Project number
(RSP-2019/57), King Saud University, Riyadh, Saudi Arabia. The second author was also sup-
ported in part by the Grant-in-Aid for Young Scientists (B) (No. 16K17629) and the Grant-in-Aid
for Scientific Research (S)(No. 19H05599) from Japan Society for the Promotion of Science.
References
[1] D.G. Aronson, H.F. Weinberger, Multidimensional nonlinear diffusion arising in population genetics, Adv. Math.
30 (1978) 33–76.
[2] C. Bandle, H.A. Levine, Q. Zhang, Critical exponents of Fujita type for inhomogeneous parabolic equations and
systems, J. Math. Anal. Appl. 251 (2000) 624–648.
[3] T. Cazenave, F. Dickstein, F.B. Weissler, An equation whose Fujita critical exponent is not given by scaling,
Nonlinear Anal. 68 (2008) 862–874.
[4] A. Friedman, Partial Differential Equations of Parabolic Type, Prentice-Hall, Inc., Englewood Cliffs, N.J., 1964.
[5] Y. Fujishima, T. Kawakami, Y. Sire, Critical exponent for the global existence of solutions to a semilinear heat
equation with degenerate coefficients, Calc. Var. Partial Differential Equations. 58 (2019) Art. 62, 25.
[6] H. Fujita, On the blowup of solutions of the Cauchy problem for ut = ∆u+ u
1+α, J. Fac. Sci. Univ. Tokyo Sect.
I 13 (1966) 109–124.
[7] M. Giga, Y. Giga, J. Saal, Nonlinear Partial Differential Equations, Asymptotic Behavior of Solutions and
Self-Similar Solutions, Birkha¨user, Boston, 2010.
[8] K. Hayakawa, On nonexistence of global solutions of some semilinear parabolic equations, Proc. Japan Acad.
Ser. A Math. Sci. 49 (1973) 503–505.
[9] M. Jleli, B. Samet, Finite time blow-up for a nonlocal in time nonlinear heat equationin an exterior domain,
Appl. Math. Lett. 99 (2020) 105985.
[10] K. Kobayashi, T. Siaro, H. Tanaka, On the growing up problem for semilinear heat equations, J. Math. Soc.
Japan 29 (1977) 407–424
[11] E. Mitidieri, S.I. Pohozaev, A priori estimates and blow-up of solutions of nonlinear partial differential equations
and inequalities, Proc. Steklov Inst. Math. 234 (2001) 1–362.
[12] R.G. Pinsky, Finite time blow-up for the inhomogeneous equation ut = ∆u + a(x)u
p + λφ in Rd, Proc. Amer.
Math. Soc. 127 (1999) 3313–3327.
[13] S. Sugitani, On nonexistence of global solutions for some nonlinear integral equations, Osaka J. Math. 12 (1975),
45–51.
[14] F.B. Weissler, Existence and nonexistence of global solutions for a semilinear heat equation, Israel J. Math. 38
(1981) 29–40.
[15] Q. Zhang, A new critical phenomenon for semilinear parabolic problems, J. Math. Anal. Appl. 219 (1998)
125–139.
Mohamed Jleli, Department of Mathematics, College of Science, King Saud University, P.O. Box 2455,
Riyadh, 11451, Saudi Arabia. E-mail: jleli@ksu.edu.sa
Tatsuki Kawakami, Department of Applied Mathematics and Informatics, Ryukoku University, Seta, Otsu,
Japan. E-mail: kawakami@math.ryukoku.ac.jp
Bessem Samet, Department of Mathematics, College of Science, King Saud University, P.O. Box 2455,
Riyadh, 11451, Saudi Arabia. E-mail: bsamet@ksu.edu.sa
